We consider a two-letter self-avoiding lattice heteropolymer model of N H (out of N ) attracting sites. At zero temperature, chain size scales as 
M ∼ N φ , with φ = 1 − 1/dν was needed to collapse a polymer.
In this letter, we show that all the implications of the aforementioned mean-field theories to the real self-interacting polymer problem are incorrect. In fact, polymers do not collapse (even less localize) to a compact state, unless M > ∼ O(N).
To reach this conclusion we analyze the related problem of two-letter heteropolymers with N H attracting sites. This subject is interesting on its own right. Indeed, heteropolymers have wide applications in both material science and biophysics, like in proteins -where some limited number of hydrophobic (attracting) sites are believed to play a dominant role in the folding process. Here, we uncover a new multicritical point describing both a localization and collapse transition.
Several implications for the aforementioned problems are discussed at the end of the paper.
We study a two-letter, say H ("hydrophobic-like") and P ("polar"), self-avoiding heteropolymer model. The polymer chain is represented by a self-avoiding walk of N sites on the square lattice with lattice spacing a = 1. If two H sites are nearest neighbors, a short range attractive energy is assumed adding −ε < 0 to the conformational energy of the chain. The only interaction, besides the aforementioned attraction between H sites, is self-avoidance which forbids two sites from occupying the same site. The number of H and P sites are denoted as N H and N P = N − N H , respectively. Using exact series enumeration of all possible conformations, we obtain exact thermodynamic quantities for N < 20.
Analitically, we use Flory's affine network theory of rubber elasticity to confirm some of our conclusions.
Let us start by addressing the following question: "What is the minimum number of H sites needed for a polymer chain to collapse at zero temperature?" It is well known [7] that at some critical temperature T θ homopolymers undergo a coil-to-globular (or collapse) transition, see, e.g., horizontal axes in Fig. 1 . Below T θ polymers collapse into fairly compact structures. In this phase, the average radius of gyration R G scales as . Although the data shown in this letter corresponds to d = 2, based on general principles of critical phenomena -whenever appropriate-we generalize our results to any d. As shown in Fig. 2 , we find that the squared radius of gyration averaged over sequence space is very well described by the scaling law
where ρ H = 1 − ρ P corresponds to the fraction of H sites. We note that in general one should have allowed the scaling variable ρ to depend on a suitable crossover exponent, say, Furthermore, the scaling function F (ρ H ) hides some fascinating behavior. Indeed, we expect definite asymptotic laws in the self-avoiding walk regime ρ H → 0, and in the collapsed regime ρ P → 0. For ρ H → 0, we find
where A = .132 ± .001 is a non-universal amplitude. For d = 2, ζ = −1/4, whereas for d = 3
we predict ζ ≃ −0.25 9 . For ρ P → 0, the shape of collapsed chains should approach (to first order) a sphere of volume
Naively, we might expect σ to be a surface correction, i.e. σ = d − 1. The scaling plot in Fig. 2b , however, suggests otherwise. Namely
where σ = 0.56
is volume of lattice cell), and B = .039 3 ± .002. The clear disagreement between the numerical data and σ = 1 motivated a more careful analysis of (3). We learned [8] that (3) is a longstanding "lattice point" problem in number theory. It was comforting to find that, indeed, rigorous bounds on σ -0.5 < σ ≤ 7/11-confirmed our prediction.
It is noteworthy that the apparent deviations from scaling at N P ≃ 1 are well known finite-size effects on the shape of collapsed lattice chains [9, 10] .
A striking observation was to find an excellent data collapse on Fig. 2 for the whole range of ρ H (and ρ P ) [11] . As it turns out this behavior is not an accident, but it is related to a critical point found at ρ As N increases, the entropy consistently decreases towards zero at ρ c H . This means that the chain localizes or freezes into an almost unique structure. Further increasing ρ H brings the entropy to a constant S(ρ H = 1) = ln(q/e), where q(= 4) is the coordination number of the lattice [10] . The latter, however, does not change the properties of the chain as dynamically the chain remains localized in one microstate. This result is consistent with earlier evidence on a similar model which focused on the limited set of maximally compact structures [10] . Although entropy was found to approach zero at ρ H ≃ 0.6, the possibility of a phase transition was never imagined.
What about crosslinking? Let us first address crosslinks as defined in Refs. [4] [5] [6] , i.e.
as a set of random pairs of sites. We note that one site can in principle be part of more than one link. We claim that the crosslinking problem is closely related to the problem of N H non-specific attracting sites. A key observation is that R Thus, we have
where the equal sign applies for N H = 2. Based on these arguments we conclude that crosslinks cannot collapse the chain unless M > ∼ O(N). Furthermore, we conjecture that a scaling function similar to (1) (with N H replaced by M) and a crossover exponent φ ≡ 1 apply for crosslinked polymers as well. This prediction is fully consistent with the theoretical arguments given below. It should be noted that there is also no contradiction with the random walk results found in Ref. [6] . Indeed, replacing ν 0 = 1/2 in (2) yields ζ = 0. Hence, contrary to KK intuitive assumption one cannot extrapolate the random walk behavior to the excluded volume problem without considering next-to-leading order corrections in (1).
Crosslinks, however, may have a more subtle behavior, specially in d = 3. A more general analysis of crosslinks in polymers can be made by means of Flory's affine network theory of rubber elasticity. In this framework, the total free energy of a polymer of N sites and M 4 crosslinks (the index four corresponds to the functionality of the sites which saturate after forming one link) can be constructed as a sum of three most relevant contributions (see, e.g., [12] ). (a) An elastic energy due to the elongation and contraction of active strands [13, 14] βF el ≈ (υ/2)(dλ
where β ≡ 1/k B T , υ = 2M 4 + 1 is the number of elastically active chains in the network, to mixing [7, 14] of free and crosslinked monomers
where N 0 = N − 2M 4 , and irrelevant prefactors like molecular partition functions and thermal wavelength have been dropped. (c) A repulsive energy due to exclude volume [7] 
where W 1 and W 2 are parameters which depend on temperature and quality of the solvent.
Considering the solvent as an ideal gas, the typical size of a crosslinked polymer can be obtained by minimizing the free energy
The equilibrium conformation is then given by
Strikingly, for d = 2 the theory checks exactly the conjecture that (1) and (2) should also hold for crosslinks. For d = 3, a new scaling behavior is predicted, namely
For any fixed M 4 chains are swollen with ν = 3/5 (Flory's exponent for d = 3), however, for a fixed ratio f conformations are neither fully collapsed nor swollen. This behavior has also been implied by Levin and Barbosa [12] in a beautiful study of phase transitions of neutral polyampholyte. This semi-compact regime [1] can be rationalized by taking into account that monomers in the theory cannot be part of more than one link, like disulfide bonds in proteins [15] . Thus, the likelihood to saturate the links with small loops -yielding extended conformations-is quite high [15, 16] .
In principle, (11) predicts that the number of "loose" crosslinks needed to collapse a polymer scales as We should note, however, that the theory has some shortcomings for the strong crosslinking and poor solvent limits [13, 14] .
A similar analysis for sites with functionality larger than four yields that, as in (1) Our results strongly suggest that incomplete NMR data could fully determine a structure if the number of contacts resolved experimentally is larger than certain threshold (∼ N).
The close relationship between the zero temperature phase transition found here and that found in Ref. [1] confirms that protein folding should be intimately related to the finite-size effects of this novel localization transition. Moreover, this transition provides a rationale for two earlier empirical observations [10, 17] 
